In this work, new multiple soliton solutions and multiple singular soliton solutions are formally derived and illustrated for the mKdV equation with time-dependent variable coefficients, which is a generalized model in nonlinear lattice, plasma physics and ocean dynamics. These new exact solutions extend previous results and help us to explain the properties of multidimensional nonlinear solitary waves in shallow water. Analysis is carried out in order to illustrate that the soliton am- 
Introduction
Recently nonlinear equations with variable coefficients have attracted considerable attention in the literature. It has been shown that, solitons can be compressed and their dynamics effectively controlled through these variable parameters. The Kortweg-de Vries (KdV) equation [6] with variable coefficients has been studied recently in the context of ocean waves, where the spatio-temporal variability of the coefficients are due to the changes in the water depth and other physical conditions. Inclusion of a cubic nonlinear term for the KdV equation is necessary when the magnitude of the quadratic nonlinearity is small or approaches zero, and such a situation can be realized for certain stratifications phenomena when a buoyancy frequency profile is nearly symmetric about the middepth [14] . With those considerations, the modified KdV (mKdV) equation [23] has been introduced. The fact that, mKdV equation is relevant to hydrodynamics and a variety of physical phenomena, it is natural to expect the possibility of temporal variations in the equation parameters. Furthermore, for propagating solitons, the first integral of the mKdV equation yields nonlinear Schrödinger equation with a source, making it imperative to investigate the effect of the temporal variation of the distributed parameters on the solitary wave solutions of this dynamical system [22] .
In reality, the nonlinear evolution equations with time-dependent variable coefficients are more realistic in various physical situations than their constant coefficient counterparts. The reason for this is that constant coefficient models can only describe the propagation of wave groups in perfect systems. However, in realistic physical systems, no medium is homogeneous due to the long distance of propagation and the existence of some nonuniformity due to many factors. Based on this, it is the goal of this work to examine the generalized mKdV equation with time-dependent variable coefficients
where u(x, t) is the amplitude of the relevant wave model, x is the horizontal coordinate and t is the time, while the time-dependent coefficients a(t), b(t) and c(t) are all analytic functions and relevant to the background density. 
Multiple soliton solutions
The Hirota bilinear method [6, 7, 8, 9 , 10] possesses significant features that make it practical for the determination of multiple soliton solutions. The Hirota bilinear method relies on a transformation for considered equation to a bilinear form. The bilinear forms are usually used to enable us deriving the auxiliary function. It is remarkable to mention that it is not easy for us to find such a transformation for some equations and sometimes it requires the introduction of new dependent and sometimes even independent variables. However, Hereman et al. [4, 5] , formally introduced the simplified algorithm to derive the auxiliary functions without using the bilinear forms; instead it assumes that the N -soliton solutions can be expressed as polynomials of exponential functions. The method has been applied successfully for integrable systems with constant coefficients by Wazwaz [20, 21] . The simplified bilinear method was modified to solve variable coefficient nonlinear equations by Awawdeh et al. [2] . We apply the approach in [2] to deal with the variable coefficients mKdV Eq. (1). Substituting
into the linear terms of Eq. (1) and solving the resulting equation gives the dispersion relation by
As a result θ i becomes
We seek solutions to Eq. (1) in the form
The auxiliary functions f (x, t) and g(x, t) for the single soliton solution are assumed to be
Substituting (4) and (5) into Eq. (1) and solving for R, we find
Combining (4)- (6) gives the single soliton solution
where
The integrable KdV-typed equations possess several properties, e.g. the N -soliton solutions, Bäcklund transformation, Lax pair and infinite sets of conservation laws [16] . Since there are choices for the parameters, the variable coefficient KdV-typed equations can be considered as generalizations of the constant coefficient ones. Under certain constraint conditions, obtained by the Painlevé analysis [11, 12, 15, 25, 26, 27, 28] and conditions from the variable coefficient models mapped to the completely integrable constant coefficient counterparts [12, 18] , the variable coefficient KdV models may be proved to be integrable and have N -soliton solutions [3] . The corresponding constraint conditions on Eq. (1) in this paper, will be
where γ is an arbitrary constant. In this line we get a numerical value of R,
and the single soliton solution (7) becomes
To determine the two-soliton solution, we assume an anstaz of the form
Substituting (9)- (10) into (4) and using the obtained result in the mKdV Eq.
(1), one obtains the phase shift a 12 by
and this can be generalized to
Substituting (11) and (10) into (4) . We see that two soliton solutions is given in explicit form as
where θ 1 and θ 2 are defined in (3). This shows that the mKdV Eq. (1) does not show any resonant phenomenon because the phase shift term a 12 in (11) cannot be 0 or ∞ for |k 1 | = |k 1 |. It is well known that a two-soliton solution [10] can degenerate into a resonant triad under the conditions
For the three-soliton solutions, we set the auxiliary functions f (x, t) = e θ 1 + e θ 2 + e θ 3 + b 123 e θ 1 +θ 2 +θ 3 , g(x, t) = 1 − a 12 e θ 1 +θ 2 − a 13 e θ 1 +θ 3 − a 23 e θ 2 +θ 3 ,
where the phase shifts a ij are derived above in (12) . Substituting (14) , (9) and (4) into (1) and solving for b 123 , we find b 123 = a 12 a 13 a 23 .
The three-soliton solutions for the mKdV equation (1) are obtained by substituting (14) into (4). The determination of three-soliton solutions confirms the fact that N -soliton solutions exist for any order N ≥ 4 [8] . This shows that the generalized mKdV Eq. (1) has N -soliton solutions which can be obtained for finite N , where N ≥ 1. The higher-level soliton solutions for n ≥ 4 can be obtained in a parallel manner.
Multiple singular soliton solutions
The singular soliton solution is assumed to be of the form
where the auxiliary functions f (x, t) and g(x, t) have expansions of the form
And the dispersion relation is given by
and hence
For the singular one-soliton solution, we use
Substituting (17) into (15), and using the outcome in (1), one obtains
As a result, the singular one-soliton solution is given by
To determine the singular two-soliton solution, we set
Substituting (18)- (19) into (15) and using the outcome into (1), we find that (15) is a solution of this equation if the phase shifts a 12 and b 12 , and therefore a ij and b ij , are equal and given by
As a result, the singular two-soliton solution by
(1 + e θ 1 + e θ 2 + a 12 e θ 1 +θ 2 ) (1 − e θ 1 − e θ 2 + a 12 e θ 1 +θ 2 ) .
To find the singular three-soliton solutions, we set (21) into (15) and using the result into (1) to find that b 123 = a 12 a 13 a 23 .
The singular three-soliton solution follows immediately upon substituting (21) into (15) .
Analysis of the variable coefficients
From solution (7), the soliton amplitude amp can be expressed as
With the characteristic-line method [19] , the characteristic line for each solitary wave can be defined by
which can be derived from relations (2) and (3). Correspondingly, the velocity v of each solitary wave can be expressed by
Further, the absolute value of velocity v determines the speed, namely, velocity in magnitude, and propagation direction of soliton is decided by the sign of v. Since Eq. (1) is a variable-coefficient one, there are choices for the parameters that allow the existence of the bidirectional solitons. Among the above solutions to Eq. (1), we would like to concentrate ourselves on (13) , which is the two-soliton solution and can be used to model the wave propagations. In order to reveal the physical properties, the actual application of the soliton solution often requires an advisable value for the involved parameters and functions. Hence for the picture drawing and qualitative analysis, we choose some values for those parameters and functions in line with the nonuniform backgrounds of the variable coefficient mKdV model under investigation.
Bidirectional solitons have been displayed in Figs. 1 and 2 . In Fig. 1 , the soliton with the larger amplitude overtakes the small one, but both are rightgoing, since both v 1 and v 2 are positive. In comparison, in Fig. 2 , a head-on 
collision between one right-going soliton and one left-going soliton occurs while v 1 is positive and v 2 is negative. It can be shown that the sign of v controls the directions in which the solitary waves move. It is clear that after the collision the velocity and amplitude of each soliton remain unchanged except for its phase shift described by (11).
Conclusion
In this paper, a simplified bilinear method has been employed to derive the multi-soliton solutions of Eq. (1), namely, the variable-coefficient extended mKdV. We have shown that a sufficient condition for the equation to have multi-soliton solutions is b(t) = γa(t). Furthermore, the multi-soliton solution for Eq. (1) has been presented. We have concluded that the velocity of the soliton is decided by the coefficient functions b(t), c(t) during the propagation and the ratio b(t)/a(t) can affect the solitonic amplitude.
Since the problem of bidirectional solitary waves has been reported in a uniform layer of water [12] , it is expected that the bidirectional soliton solutions to Eq. (1) may be used to describe such interesting physical phenomena with the consideration of the inhomogeneities of media and nonuniformities of boundaries in nonlinear lattice, plasma physics and ocean dynamics. 
